The notion of weak measurement in quantum mechanics has gained a significant and wide interest in realizing apparently counterintuitive quantum effects. In recent times, several theoretical and experimental works have been reported for demonstrating the joint weak value of two observables where the coupling strength is restricted to the second order. In this paper, we extend such a formulation by providing a complete treatment of joint weak measurement scenario for all-ordercoupling for the observable satisfying A 2 = I and A 2 = A, which allows us to reveal several hitherto unexplored features. By considering the probe state to be discrete as well as continuous variable, we demonstrate how the joint weak value can be inferred for any given strength of the coupling. A particularly interesting result we pointed out that even if the initial pointer state is uncorrelated, the single pointer displacement can provide the information about the joint weak value, if at least third order of the coupling is taken into account. As an application of our scheme, we provide an all-order-coupling treatment of the well-known Hardy paradox by considering the continuous as well as discrete meter states and show how the negative joint weak probabilities emerge in the quantum paradoxes at the weak coupling limit.
The notion of weak measurement in quantum mechanics has gained a significant and wide interest in realizing apparently counterintuitive quantum effects. In recent times, several theoretical and experimental works have been reported for demonstrating the joint weak value of two observables where the coupling strength is restricted to the second order. In this paper, we extend such a formulation by providing a complete treatment of joint weak measurement scenario for all-ordercoupling for the observable satisfying A 2 = I and A 2 = A, which allows us to reveal several hitherto unexplored features. By considering the probe state to be discrete as well as continuous variable, we demonstrate how the joint weak value can be inferred for any given strength of the coupling. A particularly interesting result we pointed out that even if the initial pointer state is uncorrelated, the single pointer displacement can provide the information about the joint weak value, if at least third order of the coupling is taken into account. As an application of our scheme, we provide an all-order-coupling treatment of the well-known Hardy paradox by considering the continuous as well as discrete meter states and show how the negative joint weak probabilities emerge in the quantum paradoxes at the weak coupling limit.
I. INTRODUCTION
The path-breaking idea of weak measurement (WM) in quantum mechanics(QM), originally proposed by Aharonov, Albert and Vaidman (AAV) [1] , has gained wide interest in realizing apparently counterintuitive quantum effects. Contrary to the strong measurement, in WM scenario, the average value of an observable (coined as weak value) can yield results beyond the eigenvalue spectrum of the measured observable. In last decade, a flurry of works have been reported, in which the WM and its implications have been extensively studied, both theoretically [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] and experimentally [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] . In one hand, WM provides new insights into conceptual quantum paradoxes [3-5, 8, 20, 31] and on the other hand, it provides several practical applications, such as, identifying tiny spin Hall effect [24] , detecting very small transverse beam deflections [26] , measuring average quantum trajectories for photons [28] , improving signal-to-noise ratio for determination of small phase through interferometry [27] and protecting a quantum state [32] .
Before proceeding further, let us first encapsulate the notion of WM in QM. The WM scenario comprises three steps; preparation of the system in a quantum state (commonly termed as pre-selection), an intermediate perturbation for producing the weak correlation between the system and pointer states, and the selection of a suitable sub-ensemble corresponding to a particular quantum state (commonly known as post-selection). Let the |χ i be the pre-selected state prepared by a suitable strong measurement, and |ψ = ψ(x)|x dx be the initial pointer state in position space. Next step is to introduce a perturbation, H I = g(t)Â ⊗P x , where g(t) is a smooth function of t obeying t 0 g(t)dt = g, and t is the time during which the interaction takes place. The system-pointer total state after the perturbation can then be written as |Ψ = e −igÂ⊗Px ψ(x)|x |χ i dx. The final and the crucial step is to invoke a suitable strong measurement to post-select a sub-ensemble corresponding to a system state |χ f . Due to the post-selection, the pointer is then left in a state, |ψ f = χ f |Ψ = χ f |e −igÂ⊗Px ψ(x)|x |χ i dx. Now, if g is sufficiently small (i.e., the perturbation is taken to be weak), one can neglect the higher order terms involving g. In such a case, the final pointer state can be approximated as |ψ f = χ f |χ i e −igÂw⊗Px ψ(x)|x dx, where,
is defined as the weak value of the observableÂ and | χ f |χ i | 2 is the post-selection probability. For suitable choices of |χ f and |χ i ,Â w can be made far outside the eigenvalue ranges of the observableÂ, at the expanse of the small post-selection probability. Interestingly, the weak value can also be complex [11] , yet not unphysical. For example, for Gaussian pointer, the imaginary part of the complex weak value produces the pointer shift in the space in which the perturbation is introduced, and the real part produces the pointer shift in the conjugate space. For the above mentioned interaction Hamiltonian,
, where X f denotes the average value of the pointer observable in the post-selected state, and similarly for others.
Note that, this simple correspondence between the pointer shifts and weak values breaks down, if the higher order expansion of the perturbation is considered, instead of the commonly used first order approximation. This is due to the fact that the retention of the higher order expansion terms of the perturbation may produce many peaks [14] in the probability distribution of the postselected meter state. Thus, for higher order expansion, the expression appears in the form of χ f |Â|χ i / χ f |χ i of an observableÂ is merely a conditional average value which has no bearing on the weak value in the usual sense of WM. For historical good reason, we will be following the conventional terminology. The exact treatment of the AAV setup for all-order-coupling has been discussed in Ref. [10, 13, 14] and some interesting results like semiweak and orthogonal weak values have been pointed out.
The purpose of this paper is to study the joint weak value for all-order-coupling. In recent times, the joint weak value of two observables has been studied [6, 16-19, 34, 39] and experimentally verified [25, 33] . Among other intriguing implications, the measurement of joint weak value is particularly interesting because a strong von Neumann measurement of joint mean values requires a nonlinear Hamiltonian, which is a difficult task to achieve [38] . Resch and Steinberg [6] first introduced a scheme, where the joint weak value of two commuting observables (say,Â andB), can be obtained from the statistics of the correlations between pointer variables. Specifically, they found that the joint expectation value of the pointer observables is proportional to the (ÂB) w , if second order expansion of the coupling is taken into account.
We note here that in all the existing literature demonstrating joint weak value, the coupling strength is restricted to the second order. In this paper, we extend the earlier formulations (mainly, the work of Resch and Steinberg [6] ) by providing a complete treatment of joint weak measurement scenario for all-order-coupling, which allows us to reveal several unexplored features. In order to doing this, we consider two types of observables satisfying A 2 = I and A 2 = A by considering both continuous and discrete pointer states. We demonstrate that the joint weak value can be extracted for an arbitrary strength of the coupling and the results of Resch and Steinberg [6] can be recovered if expansion of the coupling is taken to be up to the second order. We have also demonstrated the single pointer displacement can provide the information about the joint weak value if at least third order of the coupling is taken into account. This is particular interesting because the initial pointer we consider is uncorrelated. It is also shown that real and imaginary part of single and joint weak value can be extracted from the statistics of single pointer observable. As an application of our treatment, we reexamine the well-known Hardy paradox [37] and show how negative probabilities emerges at the weak measurement regime.
The paper is organized as followed. In Section II, we demonstrate how joint weak value can be extracted for projector and general observables for all order of coupling by taking the continuous pointer and in Section III, we calculate the same by using discrete pointer state. We then consider the all order coupling treatment to examine the Hardy's paradox in Section IV. We give a brief summary of our findings in Section V.
II. JOINT WEAK VALUE USING CONTINUOUS VARIABLE PROBE STATE
Let us first explore the joint weak measurement scenario by using the continuous variable pointer state. For this, we consider the system-apparatus state at t = 0, is given by,
where |χ i is the pre-selected system state and ψ(x, y) is the uncorrelated pointer wave function at t = 0, which is taken to be a two-dimensional Gaussian is of the form
where σ is the half-width of the Gaussian wave packet. Let us now introduce the perturbation is of the form H = g(Â ⊗P x +B ⊗P y ), whereÂ andB are observables of the system such that, [Â,B] = 0,P x andP y are the conjugate momenta of the pointer position observableŝ X andŶ respectively. The term g = t 0
g(t)dt determines the weakness of the perturbation. In this paper, we consider two different types of system observables satisfying A 2 = I and A 2 = A. Now, the post-interaction system-apparatus state can be written as
By invoking the post-selection in the state |χ f , the pointer we have
The post-selected pointer state will be used to evaluate the pointer displacements of various pointer observables.
A. Joint weak value of the observablesÂ 2 = I and
In order to obtain the joint weak value of the observablesÂ andB satisfyingÂ 2 = I,B 2 = I and [Â,B] = 0 we expand the interaction Hamiltonian for all-order-coupling. The post-selected pointer state can then be written as,
where
Here, (Â) w and (B) w are weak values of the system observablesÂ andB respectively and (ÂB) w represents the joint weak value.
Next, in order to calculate average pointer displacement, we consider a pointer observable say,M . The mean value ofM on the post-selected state |ψ f is defined as,
, thereby implying that we can access the joint weak value for any strength of the coupling. Interestingly, Eq.(9) in its compact form, appears similar to the expression of the paper by Resch and Steinberg [6] but differed by the term W −1
1 . It can easily be seen from Eq.(9) that for first order expansion, XŶ f i = 0. However, for the second order expansion, we can exactly recover the joint weak value expression of Resch and Steinberg [6] ,
As mentioned in [6] , in order to extract joint weak value [(ÂB) w ] from Eq.(10), the weak values of both (Â) w and (B) w need to obtained from separate experiments.
In order to find imaginary part of joint weak value for all-order-coupling we choose joint mean value of two meter observables,M =XP y , so that,
with
Then the imaginary part of joint weak value [(ÂB) w ] can also be obtained from our all-order-coupling. At the second order coupling limit, Eq.(11) will look similar to Eq.(9).
Next, we show an important result that the joint weak value can be extracted from the statistics of a single pointer observable. It is particularly interesting because our initial pointer state is uncorrelated, but all order coupling treatment produces a kind of correlation which enables us to obtain joint weak value from single pointer statistics. For showing this, we calculate the mean displacement of the pointer observable,M =X, is of the form,
where X i = 0. It is thus evident from Eq.(13) that, the joint weak value can indeed be inferred from the displacement X f i , (instead of XŶ f i used in [6, 17] ). Note that, for the first and second order expansions of the coupling, we have X f i = g [(Â) w ], giving information about the observableÂ only. But if the coupling strength is taken upto third order, we then have
Hence, the single pointer displacement can provide the information about joint weak value, if at least third order coupling is taken into account. In fact the real and imaginary part of (B) w can also be obtained from the pointer even if the observableB is not initially associated with the pointer variableX. For simplicity, if one takes (ÂB) w , (Â) w and (B) w as all real, then using Eq. (14), the joint weak value (ÂB) w can be written as
As is required in Resch and Steinberg [6] , in order to obtain (ÂB) w in our case, the values of (Â) w and (B) w need to be obtained from other measurements. This feature was not earlier noticed due to the lack of all-ordercoupling treatment of the joint weak measurement.
A simple example can be useful to understand the usefulness of the result. For this we take initial system state as |ψ i = |+ z ⊗ |+ z and post-selected system state as |ψ f = (cos(θ)|+ z + i sin(θ)|− z ) ⊗ |+ z where |+ z is eigenstate of pauli observable σ z . The system observables areÂ =σ x ⊗ I andB = I ⊗σ z . Then the single weak values (Â) w = i tan(θ) and (B) w = 1. Substituting the weak values in Eq. (15), we found that joint weak value is given by
Thus, for particular choice of system state and observables the joint weak value can simply be made proportional to mean displacement of single pointer observable if higher order coupling is considered.
Next, in order to find the real and imaginary parts of joint mean value, we consider the mean value ofX 2 . Then the pointer displacement can be written as
It can be seen from Eq.(17) that one can access both the imaginary and real weak values of the observablesÂ and B from the single pointer displacement. For second order expansion, we have
which contains only the A w but we can still access the real and imaginary part of single weak value. By taking fourth order expansion of the coupling,
Then, real and imaginary part of joint weak value is accessible from X 2 f i . Note that, the mean displacement ofX 2 also provides the information of |(B) w | 2 , as opposed to Ref. [16] in which the authors claimed that the above feature cannot be obtained if initial pointer is taken to be Gaussian.
B. Joint weak value for two projectors
We now calculate the joint weak measurement for all-order-coupling for projectors. Following the similar procedure used in earlier we introduce the Hamiltonian H = g(P A ⊗ I ⊗P x + I ⊗P B ⊗P y ), where,P A ⊗ I and I⊗P B are projectors. Using all-order-coupling treatment also in this case, the post-selected pointer state is given by
in which (P A ⊗ I) w and (I ⊗P B ) w are weak value of projectorŝ P A ⊗ I and I ⊗P B respectively and (P A ⊗P B ) w is their joint weak value.
The mean displacement of the joint pointer observable, M =XŶ , is given by
which contains joint weak value term (P A ⊗P B ) w .
Again for second order expansion of XŶ f i in Eq. (21), we can recover the result of Resch and Steinberg [6] for joint pointer displacement
The mean displacement of single pointer observable, M =X, can be obtained as
It can be seen from Eq.(23) that all-order-coupling treatment enables us to provide joint weak value from the single observable for the case of projector too. For first and second order of expansion we obtain the well known result X f = g [(P A ⊗ I) w ]. But for third order of coupling, we have
Hence, if the coupling strength is taken upto the third order, joint weak value can also be obtained also for the projectors.
Following the same procedure we obtain joint expectation value P xPy f i of pointer momentum given by
where W 3 is normalization constant given in Eq.(A1). The presence of joint weak value term from Eq. (21) and Eq. (25) imply that we can find joint weak value for allorder-coupling for projectors too, which will be used in Sec.IV where we consider Hardy set-up [37] .
III. JOINT WEAK VALUE FOR QUBIT POINTER FOR PROJECTORS
The motivation of studying joint weak measurement for the qubit pointer is the following. There have been many works [4, 5] that use path and polarization (or spin) as a pointer or system state. Then the calculation of joint weak value using discrete meter can be useful to verify this issue experimentally. In order to calculate the joint weak value for qubit pointer, we consider the systempointer state at t = 0 as,
where |ξ i is the pointer qubit pointer state and |χ i is the pre-selected system state. The interaction Hamiltonian is taken to be, H I = g(t)[(P A ⊗ I) ⊗ (σ 1 ⊗ I) + (I ⊗ P B ) ⊗ (I ⊗σ 2 )], whereσ 1 andσ 2 are arbitrary satisfyinĝ σ 2 1 = I andσ 2 2 = I. The post-interaction state can be written as,
Using the property of projectors (P A ⊗ I) 2 =P A ⊗ I, (I ⊗P B ) 2 = I ⊗P B and by considering the post-selected system state |χ f , the post-interaction pointer state can be written as
where,
The mean value of a suitable pointer observable, say, (M = σ 1 ⊗σ 2 ), on the post-selected state |ξ f is given by,
5 .
where r = 1 − cos(g) and W 5 is normalization constant given in Eq.(A2). Since, Eq. (28) contains (P A ⊗P B ) w , we can extract joint weak value for all-order-coupling for qubit meter. We use Eq.(28) in the next section for analyzing the Hardy paradox when pointer state is taken to be a qubit.
IV. APPLICATION OF RIGOROUS TREATMENT TO THE HARDY PARADOX
The all-order-coupling treatment of the joint weak measurements of two observables by using continuous and discrete probe states can be used to re-examine in detail the well-known Hardy paradox. The overlapping and non-overlapping paths are denoted by |O and |N O respectively. Due to the existence of this overlapping region there is a chance of annihilation, for that both electron and positron should be in overlapping arm, resulting neither detectors D 2 and D 3 click. If we try to understand the clicks at D 2 and D 3 , it is found that to get click at D 3 , positron must have to pass through overlapping arm but in order to avoid annihilation, electron should pass through non-overlapping arm. In the same way to get click at D 2 electron should have pass through overlapping arm but positron through non-overlapping arm to avoid annihilation. If simultaneous detection at D 2 and D 3 is obtained then both electron But in that case they should annihilate, hence the paradox. However, the whole argument is counterfactual. If actual measurement is performed the paradox disappear. But this counterfactual paradox can be explained if one performs non-local joint weak measurement. From the set-up, the normalized pre-selected state after the overlapping region turns out to be,
and in order to get joint detection at D 2 and D 3 the post-selected state is
To inspect in which path electron and positron are going, one can invoke following projectors are given by,
where P O A denotes the path projector at the overlapping arm of the interferometer A and similarly for others. In order to find simultaneous presence of the electron and positron the joint projectors are defined as
Now, for the case of usual von Neumann measurement scenario, the expectation value of projector (say, |A A|) provides the probability of finding the particle in that particular state |A . The pointer shift (say, δx) is dependent on coupling constant (g) times the eigenvalue, i.e., δx ∈ [0, g]. Then the probability of finding the particles in the state |A can be written as P rob(|A ) = δx/g. If δx = g, the probability P rob(|A ) = 1. For the case of weak measurement aided with post-selection, the weak value of a projector can be called as weak probability which is actually a quasi-probability. Because, weak probability can even be negative. The interpretation of negative probability is then that the pointer is shifted to the opposite direction.
In the Hardy setup, the weak values of projectors for the pre-selected state |φ i given by Eq. (29) and postselected state |φ f given by Eq. (30) are
Similarly for the weak values of the joint projectors given by
From Eq.(33) one concludes that the weak probability of finding the electron and positron independently in the overlapping arm is 1. This is required to obtain the detections of position and electron in D 2 and D 3 respectively. But in such a case they should annihilate. Interestingly, from Eq.(34) it is seen that joint weak probability (P O A ⊗ P O B ) w = 0, and hence condition to avoid annihilation is achieved. From Eq.(33) we can also conclude that electron clicks at D 2 if and only if positron is in overlapping arm and to avoid annihilation, electron must be in non overlapping arm. This condition is achieved by noting that
is explained as electron must be in overlapping arm otherwise positron will not click at D 3 . We are getting two trajectories for the same particle at the same time, which is contradictory statement. However, we have (P N O A ⊗ P N O B ) w = −1, from which we can say that there is a minus one pair of electron and positron in non overlapping arm such that we will get only one pair of electron-positron at the end and that resolves the paradox.
We now provide a detail analysis of the Hardy setup for all-order-coupling treatment to discuss how negative weak probability emerges in Hardy setup and to show how the mean pointer position changes with the coupling constant so that negative weak probability provide the shift in negative direction. In order to showing this, we have chosen a suitable pointer observableQ , so that, at the first order expansion of the g (for joint measurement of two projectors, it is g 2 ) we obtain the weak joint probability is proportional to δQ/g 2 . 
A. Using continuous meter state
For this, let us consider the mean pointer shift of a suitable joint observable, δQ = XŶ f i − σ 4 P xPy f i . By using the expressions of XŶ f i and P xPy f i that are already derived in Eq. (21) and Eq. (25) respectively the quantity δQ can be calculated. The joint weak probability related to mean pointer shift of the joint observable for four different cases defined as P i = δQ g 2 (i = 1, 2, 3, 4) are the following;
we have
, the probability is given by
and
, the probability in this case is given by
The probabilities given in Eq. (37) and Eq.(38) are plotted (Figure 2 ) to show that how negative weak probability emerges at small coupling limit.
As the coupling strength of g increases, weak probabilities gradually tending to become positive and increasing g further the weak probabilities for case(iii) and (iv) both conditions overlap to each other. In weak coupling limit when we retain only upto the second order, Eqs. (35 − 38) reduce to,
(39) This clearly shows that for smaller value of g, how we can explain the Hardy paradox but as strength of coupling increase paradox disappears.
B. Using discrete meter state
We now calculate the joint weak value by taking the qubit pointer in the context of Hardy set-up. For this, we consider the pointer state given as |ξ i = (1, 0, 0, 0)
T and pointer observables as (σ x ⊗I) and (I⊗σ x ) . For such particular choice, the post-interaction pointer state is given as |ξ f = χ f |χ i η 2 |ξ i , where
on the post-selected state |ξ f is calculated as,
where W 6 is normalization constant given in Eq.(A3).
Similar to the continuous meter state, we pointed out four different cases for the suitable choice of the joint observable defined by P j = 
If we take upto the first order of g, from Eq.(41 − 44) reduce to the following (P 1 ) w = 0, (P 2 ) w = 1, (P 3 ) w = 1 and (P 4 ) w = −1.
(45) The above result is similar to the continuous case. Hence we showed that how negative probability emerges for both the Gaussian and the qubit pointers.
V. SUMMARY AND CONCLUSIONS
In this work we presented a rigorous analysis of joint weak measurement of two commutating observable for all-order-coupling by using continuous and discrete meter state. Specifically the type of observables we consider satisfy A 2 = I and A 2 = A. Note that, the joint weak value is usually calculated by restricting the coupling strength upto second order. We extend the study of joint weak measurement for all-order-coupling for showing that the joint weak value can be extracted for any order of coupling. The known result can be recovered in the second order of coupling strength. The rigorous treatment presented here enables us to obtain an interesting feature that the single meter displacement can provide the information of the joint weak value, if at least third order expansion of the coupling is invoked -a feature, which cannot be obtained, if only second order expansion of the coupling is taken as is done in earlier works. We also showed that the imaginary joint weak value can also be extracted by considering the statistics of single pointer instead of joint pointer observables. As an application, we re-examined the well known Hardy paradox and provide an all-order-coupling treatment for the same by using discrete and continuous pointer. Such a treatment allow us to see how the negative weak probability emerges at the weak coupling limit. Finally, since all-order-coupling treatment lifted the constraints on the strength of the coupling, the results presented here can be helpful for experimentally testing the joint weak value.
